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ABSTRACT 

The present paper refers to the study of the properties of torsion tensors and and also the third curvature 

tensor in a Five dimensional Finsler space based on theory of orthonormal frame. 
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INTRODUCTION 


Based on the intrinsic field of an orthonormal frame consisting of the normalized support element Li and 
the unit vector m 1 , normal to lie, Berwald [1, 2], developed the study of two dimensional Finsler spaces. Following 
the Berwalds idea of two-dimensional case Moor [8], introduced in a three- dimensional Finsler space the intrinsic 
field of orthonormal frame, which consists of l 1 , the normalized torsion vector m 1 and the unit vector n 1 , orthogonal 
to both of them. Three-dimensional Finsler spaces and their various aspects have been studied by several authors, 
namely Nobuchara and Nagai [9], Matsumoto [4, 5,6], Rastogi [12, 13], Rastogi and Dwivedi [15] and many others. 
Similar to three-dimensional Finsler spaces, four-dimensional Finsler spaces have been developed and studied by 
Rastogi [16], Pandey and Dwivedi [10] and others. Pandey, Dwivedi and Gupta [11] initiated study of five 
dimensional Finsler spaces in terms of scalars. 

The purpose of the present paper is to study the properties of torsion tensors C l|k and P l|k and also the third 
curvature tensor in a five-dimensional Finsler space based on the theory of orthonormal frame fields. 

PRELIMINARIES 


Let F 5 be a five-dimensional Finsler space equipped with a fundamental function L(x,y), orthonormal frame 
e a)I , (a = 1,2,3,4,5), adopted components of metric tensor g, and E-tensors s:. l|klln respectively given by 5 a p and r. (I p yge = 
(§ 1 a 2 p 3 yVe)' where generalised Kronecker delta satisfies 

cl 2 3 4 5 ijklm ci i k 1 m 
Yijklm — ^ i j k 1 m? 7 “^ 1 2 34 5 

then the E-tensors are defined by 

Sijklm = | g | 1/2 Yijklm, = | g | 


( 2 . 1 ) 


( 2 . 2 ) 
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| g | being the determinant consisting of the components of the fundamental tensor g = (gp). 

In a five -dimensional Finsler space F 5 , we have five ortho normal unit vectors, which shall be denoted by 1;, m,, 
lij, pi and q,. The h- covariant derivative e a) ‘/j of the vectore,,, 1 , belonging to Miron frame can be given as 


e i)/j = 1/j = 0, e 2 )/j = m/j = nhj -p Uj -q q, e 3)/j = n,j = p kj - m Iq - q sj, 
e 4 )‘/j = P‘/j = m 1 Uj - n 1 kj - q 1 t j; esjVj = q‘/j = m 1 q + n 1 Sj + p 1 tj 
where hj, kj, Uj, q, Sj and tj are called h-connection vectors of F 5 . 

Also the v-covariant derivative of the vector e 0 / belonging to Miron frame e a) , can be given as 
L eij/zj = L 1‘z/j = hj = m 1 mj + n 1 it, + p 1 p, + q 1 q p 


(2.3) 


L e 2 )//j — L m//j — -1 mj + n Uj + p Vj + q Xj, 

L es/zfl = L n'/z, = -1 1 n, - m 1 ^ + p 1 Wj + q 1 Y„ 

L e^z/j = L p'z/j = -1 1 Pj - m 1 V, - n 1 Wj + q' Z„ 

L es/z/j = L q'zzj = - I' q, - m' X, - n 1 Yj - p 1 Z, (2.4) 

where Uj, Vj, Wj, Xj, Yj and Z, are called v-connection vectors. 

Any third order symmetric tensor C l|k satisfying C l|k l 1 = 0, in a five- dimensional Finsler space F 5 , can be 
expressed as 


L C ljk = C a) m ; mj m k + C (2) nj lij n k + C (3) p, Pj p k + C (4) q, q, q k 
+ Z(i,j,k) [ C (5) m, mj n k + C (6) m ; mj p k + C m m, mj q k + C (8) n, tq m k 
+ C (9) n, n, p k + C (10 ) lq lij q k + C ai) Pi Pj m k + C a2) Pi p, n k 
+ C(i3) Pi Pj q k + Cji4) qi q, m k + C(i5j qi q, n k + C ( i6) qi qj p k 
+ C a7 ) m; (lij p k + n k pj) + C(i 8 j mj fn, q k + n k qj) 

+ C a9 , m ; (pj q k + p k qj) + C (20 ) if (pj q k + p k cy) ( 2 . 5 ) 

where 

C(l) + C( 8) + C ( n, + C( 14 ) = L C, C(2j + C(5) + C(12) + C ( i 5 j = 0 , 

C( 3 ) + C(6) + ^-( 9 ) + C( 16 ) = 0 , C( 4 j + C( 7 ) + C(10) + C f 13 , = 0 ( 2 . 6 ) 

and C (17 , C ( i8), C ( i 9) and C (2 o) are non-zero scalars in F 5 . 

Alternatively [ 11 ], since C a p y = L Cij k e a) 1 epj’ e y j k , we have 
Cip Y = 0 , C 2 pp = LC, C3pp = 0 , C4pp = 0 , Cspp = 0 , 

C 222 + C 2 33 + C 24 4 + C 2 55 = LC, C3 22 + C333 + C344 + C355 = 0 , 

C 422 + C433 + C444 + C455 = 0 , C5 22 + C533 + C544 + C555 = 0 . ( 2 . 7 ) 

Also C 2 34^ 0 , C 2 35 ^ 0 , C945 0 , C345 0 and 
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C(i 7 ) - C 234 - L C ljk rn’n 1 p k , C(ig) - C 235 - L C ljk m 1 n 1 q k , 
C(i 9 > = C 245 = L C ljk m 1 p' q k , C ( 2 o) = C 345 = L Cy k n‘p' q k 


( 2 . 8 ) 


Torsion Tensor P ijk in F s 

Using the definition Py k = LCyyo, after a very tedious calculation on rearranging terms we can obtain 
P ijk = L[C ( i)/o m, mj m k + C (2) /o n, n, n k + C (3) / 0 p ; Pj p k + C (4 yo q, qj qk 
+ Z(i,j,k) t m i m j (C(i) my 0 + (C(5) n k )/ 0 + (Cf6i Pk)/o + (Q7) qk)/o} 

+ n ; n, {C (2 ) ny 0 + (C^niyl/o + (C (9) Pi^/o + (C ( i 0) qk)/o} 

+ Pi Pj (C( 3 ) Pm + (C(n) m^/o + (C(i2) n^/o + (C ( i 3 j qU/o} 

+ qi qj fC( 4 ) qk/o + (C ( i 4 ) myl/o + (C (15 ) nyl/o + (C(i 6) p k )/o} 

+ (m, n, + m, nj){C (5 j m k/0 + C(8) ny 0 + C (17) py 0 + (C(i 8 ) qk)/o} 

+ (mi pj + m, Pi){C( 6 ) my 0 + C(„) pyo + C(i 7 j nyo + C(i 9 j qyo} 

+ (m, q, + mj q,){C (7 ) my 0 + C( 14 ) qyo + C(18) nyo + C( 19 ) pyo} 

+ (n.Pi + n, Pi){C (9) ny 0 + C(i2> pyo + (C(i7) myl/o + C(20) qyo} 

+ (Hi q, + nj qi){C ( i 0 ) ny 0 + C(i5> qyo + C(i8) my 0 + C(2o> Pyo} 

+ (Pi qj + Pj qi){c ( i 3 ) Pyo + Cf 161 qyo + (C(i 9 ) mjJ/o + (C^o) n k)/o}]] (3.1) 

Since we know that, we can write 

my 0 = n k h 0 - p k u 0 - q k r 0 , ny 0 = p k ko - m k h 0 - q k s 0 , 

Pyo = m k u 0 - n k k 0 - q k t 0 , qy 0 = m k r 0 + n k s 0 + p k t 0 (3.2) 

therefore, on substituting these values in (3.1), we get on simplification 
Pijk = L[{C(ivo + 3 (C( 6 ) u 0 - C(5j h 0 + C(7) r 0 )}mi mj m k + {C ( 2)/o + 3 (C( 8 ) h 0 - C( 9 ) k 0 
+ C(io) So)}nj nj n k + {C( 3 )/o + 3(C ( i2) k 0 - C(H) u 0 + Q13) to) }pi Pj p k 
+ {C(4)/o _ 3(C(i4) r 0 + C ( i 5 j s 0 + C (16) t 0 )}q ; qj q k 
+ X(i,j,k)[ m i m j n k { C (5 ,/o + (Cji) - 2C (8 ))h 0 - C(6j k 0 + C(7) s 0 
+ 2 C ( i7) u 0 + 2C(ig) r 0 } + m; mj p k {C (6 )/o - (Qn - 2 C(n))u 0 
+ C(5) k 0 + C( 7) t 0 - 2 C ( i7) h 0 + 2 C(i 9) r 0 } + mi m, q k {C m /o 
■(C(i) - 2 C ( i4j)r 0 - C( 5 ) So - C(6) t 0 - 2 C ( i8) h 0 + 2 C(i 9 ) u 0 } 

+ 11; llj m k {C(8j/0 - (C(2) - 2 C(5))h 0 + C( 9 ) u 0 + C(io) r 0 - 2 C(i7) k 0 
+ 2 C(i8) So} + ltj n, p k {C( 9 )/o + (C(2) - 2C(i2) k 0 - C ( 8) u 0 + C ( io) t 0 
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■C(9) t 0 + 2 C ( ig) h 0 - 2 C ( 20 ) ko} + Pi Pj nik {C ( in/o + (C<3) ■ 2 C( 6) )u 0 
■ C ( i2) h 0 + C(i 3) r 0 + 2C ( i 7) k 0 + 2 C ( i 9 ) t 0 } + p; pj n k {C(i 2 )/o + C ( n) h 0 
-(C(3) - 2 C(9))k 0 + C(i3) So - 2 C(i7) u 0 + 2 Q 20 ) to} + Pi Pj qk {C ( i3vo 

■(C(3) - 2 C(i6)) t 0 - Cni, t*o - C(i2) So - 2 C(i 9 ) u 0 + 2 C(20) ko} 

+ qi qj tttk {C(i4)/o + (C(4) - 2 C(7))r 0 - Cos; h 0 + u 0 - 2 C(i8) So 
-2 C(i 9 ) t 0 } + qi qj n k {C ( i 5 yo + (C(4j - 2 C ( io)) s 0 + C ( i4) h 0 - C ( i6) k 0 
■2 C(i 8 ) r 0 - 2 C ( 20) to} + qi qjP k {C ( i 6 yo + (C^ - 2 C(i 3) )t 0 - C ( i 4) u 0 
+ C(i 5) ko - 2 C ( i 9 j r 0 - 2 C (2 o) s o! + ( m i n j + m j n i) Pk{C ( nyo - C (5) u 0 
+ <C(8j - C(ii))k 0 + (C (6 j - C( 9 ))h 0 + C ( i2) u 0 + C ( i8) t 0 + C (19) s 0 + C (2 o) r 0 } 

+ (nii nj + mj n ; )q k {C a8 y 0 - (C( 5) - C ( i 5 j)r 0 - (C (8 ) - C ( i 4 j) s 0 - C ( i 7) t 0 
+ (C(7) - C ( io))h 0 - C(i 9 ) ko + C( 2 m u 0 } + (mi pj + m, pi)q k {C(i9yo - C ( i7) So 
-(C(7) - C(i3))u 0 - (C(6j - C(i6j)ro - (C(H) - C(i4j)t 0 + C(i8) k 0 - C(2o; h 0 } 

+ (tti Pj + Itj Pi) qk {C(20)/0 + (C(lO) - C(l3j) k u - (C(9) - C(l6j)So - C(i7) r 0 

-(C(i2j- C(i5j) t 0 - C(i8) U 0 + C(i9) h 0 }]] (3.3) 

It is known Izumi [3], that in a P*-Finsler space for a constant X, the tensor is related to C l|k as follows: 

Pyk = X Cjj k , (3.4) 

therefore, on substituting the values of P l|k and C l|k we get 
C ( i)/o + 3(C (6) u 0 - C (5) h 0 + C (7 , r 0 ) = X C(i) 

C(2)/0 + 3(C(8) h 0 - C (9 , k 0 + C (10) s 0 ) - X C( 2 ) C (3) /o + 3 (C(i 2 ) ko - C ( u) u 0 + C ( i 3 j t 0 ) - X C (3) 

C(4j/o - 3(C(i4j r 0 + C k i5j So + C(i6) t 0 ) = X C(4) 

C(5)/o + (C(1) - 2C(8))h 0 - C(6) k u + C(7) s 0 + 2 Qn) u 0 + 2C k i8; r (l = X 
C(6j/o — (C U) - 2 C ( ii))uo+ C(5) k 0 + C( 7 ) t 0 - 2 C ( i 7 ) h 0 + 2 C ( i 9 j r = X C^ 6) 

C(7)/o"(C(i) - 2 C ( i4j)r 0 - C( 5) s 0 - C (6) t 0 - 2 C ( i 8) ho + 2 C ( i 9 j u 0 = X C m 
C(8j/o _ (C(2) - 2 C( 5 ))h 0 + C( 9 j u 0 + Cjioj r 0 - 2 C ( i 7 j k n + 2 C ( i 8 ) s 0 = X C^ S) 

C(9)/o + (C(2i - 2 C ( i 2) ko - C ( 8) u 0 + Coo; t 0 + 2 C ( i 7) h 0 + 2 C (2 o) s 0 = X C^ 9) 

C(iovo ■ (C(2) - 2 C(i5j)s 0 - C(8) r 0 -C( 9 j t 0 + 2 C k i8) h 0 - 2 C (2 o) ko= X Cf 103 
C(in/o + (C(3) - 2 C(6j)u 0 - Cf 12) ho + C(i3) r 0 + 2C(n) k u + 2C ( i9) t 0 = X C(H) 

C(i2)/o + C ( „j h 0 -(C(3) - 2 C(9))k n + C(i3) s 0 - 2 C ( i7) u 0 + 2 C (2 o) to} = X C(i2> 

C(i3)/o “(C(3) - 2 C ( i 6 j) t 0 - C ( „) r 0 - C (12) s 0 - 2 C(i 9) u 0 + 2 C (2 o) ko = X C(i 3 ) 
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C(i4)/o + (C( 4 ) - 2 C( 7 ))r 0 - C(i 5 ) h 0 + C ( i 6 ) u 0 - 2 C (18) s 0 -2 C ( i 9 ) t 0 = X Qi4) 

C(i5)/o + (C( 4 ) - 2 C(io)) s 0 + C (14) h 0 - C(i 6 ) k 0 -2 C(i 8) r 0 - 2 C (2 o) to= X Q 15 ) 

C(i6)/o + (C(4) - 2 C(i 3 ))t 0 - C(i 4 ) Uo + C(i 5 ) ko - 2 C ( i 9 ) r 0 - 2 Q 20 ) s 0 = X C(i6) 

{C(17)/0 ~ C(5) U 0 + (C(8) - C(ll))k 0 + (C(6) - C(9))h 0 
+C( 12 ) Uo + C( 18 ) to + C(19) So + C( 20 ) r o} = X C(17) 

{C( 18)/0 ~ (C(5) - C(l5))r 0 - (C(8) - C(l4j) So 

C(17) t 0 + (C(7J - C ( i0))h 0 - C(19) ko + C(20) U 0 } = ^ C(18) 

{C(19V0 ~ C(17) S 0 “(C(7) - C ( i3))u 0 

- (C(6) - C ( i 6) )r 0 - (Cod _ C(i4))t 0 + Cfis) ko - C (2 o) h 0 } = X C ( i 9 ) 

{C ( 2 ovo + (C ( io) - C ( i 3 )) k 0 - (C( 9 ) - C(i 6 ))s 0 - C(i7j r 0 

"(C( 12 ) - C(15)) to - C( 18 ) Uo + C(19) ho) = ^C(20) (3-5) 

Multiplying equation (3.5) by g jk , we can obtain on rearrangement 

Pi = L [ mj{C(i)/o + C( 8 )/o + C(n)/o + C(i4)/ 0 + u 0 (C(3) + C (6) + C( 9) + C(i6>) 

+ r 0 (C ( 4) + C(7) + C(io) + C(i3)) - h 0 (C(2) + C(5, +C ( i2) + C(i5))} + nj{C( 2 yo 
+ C(5)/o + C(i2)/0 + C( 15 y 0 + h 0 (C ( i) + C(8) + C(H) + C (1 4)) + S 0 (C(4) + C( 7 ) 

+ C( 10 ) + C(13)) - k 0 (C( 3 ) + C(6) + C(9) + C (16) )} + Pit C( 3 )/o + C (6 yo + C( 9 )/ 0 
+ C(i6)/o + ko(C( 2) + C( 5 ) +C( 12 ) + C (15) ) + to(C(4) + C(7) + C( 10 ) + Q 13 ) 

■Uo(C(l) + C(8) + Cod + C(14))} + Qi{ C(4)/o + C(7)/o + C(!0)/0 + C(i3)/0 

_r o(C(i) + C(8) + Cod + Cp4))- s 0 (C(2) + C (5 ) +C ( i 2 ) + C ( i5)) - t 0 (C ( 3) 

+ C(6) + C(9) + C(16))}] (3.6) 

which implies by virtue of (2.6) 

P; = L (C/o m ; + C h 0 — C u 0 — C r 0 ) (3.7) 

Thus we can observe that for a P*-Finsler space we should have 

C h„ = 0, C u 0 = 0 and C r 0 = 0. As C f- 0, we shall take h 0 = 0, u 0 = 0 and r 0 = 0. Hence we have 
Theorem 3.1. In a five-dimensional P*-Finsler space scalars h 0 = u 0 = r 0 = 0. 

Under above conditions, we can observe that P;j k can be expressed as 
Pijk = L[C(ivonii mj m k + {C( 2 >/o + 3( - C( 9 ) k 0 + C ( i 0 ) s 0 ) }nj n, n k + {Cpyo + 3(C ( i2) k 0 
+ C(i 3 ) t 0 )}pi Pj p k + {C/4)/o - 3( C(i5) So + C ( i6) t 0 )}cji qj q k + X(i,j,k) [ui; mj n k {C(5yo 

- C ( 6) ko + C( 7 ) So} + m; mj p k {C (6 y 0 + C (5) ko + C (7 ) t 0 } + m t mj q k {C (7 )/o 
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- C( 5 ) s 0 - C( 6) t 0 } + li; lij m k {C (8 yo - (C( 2 ) - 2 Cf 5 ))h 0 - 2 C(i 7 )ko + 2 C ( i 8) s 0 } 

+ ii; li; p k {C (9 yo + (C( 2 ) - 2 C(i 2 ) ko + Qi 0 ) to + 2 C( 2 o> s 0 } + ii; lij q k {C ( ioyo 
■ (C(2) - 2 C(i5))so -C(9) t 0 - 2 C(2o> ko} + p; pj m k {C(n) /0 + 2C ( i7) k 0 + 2C(i 9 ) t 0 } 

+ Pi Pj Ilk {C(i2j/0 -(C(3) - 2 C(9))k 0 + C(13) So + 2 C(20) to} + Pi Pj qk [C(i3)/o 
■(C(3j - 2 C(i6j) t 0 - C(i2) So + 2 C(20) ko} + qi qj nik {C(i4i/o - 2 C ( i 8 ) So 
-2 C(i 9 ) t 0 } + q; qj n k {C^isyo + (C(4) - 2 C ( ioj) s 0 - C(i6) ko- 2 C( 2 o) to} 

+ qi qjPk {C(i6)/o + <C( 4 j - 2 C(i 3) )to + C(i 5) ko - 2 C (2 o) s 0 } 

+ (nii iij + nij n;) Pk{C ( i 7 )/o + (C (8) - C ( ii))k 0 + C ( 1 8) to + C ( i9) s 0 } 

+ (mi ttj + nij n;)q k {C (18)/0 - (C w - C(i 4 j) s 0 - C(17) tfl- C ( i9) ko + C ( 20) uo) 

+ ( m ; pj + nij Pi)q k { C ( i9 )/0 - C(i7) s 0 - (Coo - C(i4))to + C (18) k 0 } 

+ (lij Pj + 11 ; P;) q k {C( 2 0)/0 + (C(i 0 j - C(13)) ko - (C(9j - C( 16 ))So -(C( 12 ) - C(i 5 j) to}]] 

C-Reducible and P-Reducible Finsler Spaces F s 

C-reducible Finsler spaces have been defined and studied by Matsumoto [5] and others. According to Matsumoto 
[5], a five-dimensional Finsler space F 5 , will be C-reducible if it satisfies 


Qj k = (1/6) (hy C k + h jk C, + h kl Cj) (4.1) 

Comparing equations (2.5) and (4.1), we can obtain 

C(1)= LC/2, C(2) = C(3) = C ( 4) = C(5) = C(6) = C(7) = C(9) = C(10) = C(12)= C(i3j 

= C(15) = C(1 6) = C(17) = C ( i 8 j = C(19) = C(20) = 0, 

C® = C(n) = C(i 4 ) = LC/ 6 . (4.2) 

Alternatively, equation (4.2) can also be expressed as [11]: 


C222 - LC/ 2 , C233 - C244 - C255 - LC/6, C 22 3 - C224 - C225 - C234- C235 

= C 2 45 = C 333 = C 334 = C 335 = C 344 = C 345 = C 355 = C 444 = C 445 = C 455 = C 555 = 0. 

Hence we have the usual result 

Theorem 4.1. A five-dimensional Finsler space F s , will be C-reducible if and only if coefficients C ( i, to C (20) 
satisfy equation (4.2). 

Following Matsumoto and Shimada [7] and Rastogi and Kawaguchi [14], a five- dimensional Finsler space will 
be P-reducible if P;j k can be expressed as 


Pijk - (L 6 )(A k / 0 hjj + A;/o hj k + Aj / 0 h^) 


(4.3) 


Comparing values of Py k in equations (3.3) and (4.3), we can obtain following non-zero terms 
C(iyo + 3(C(6) u 0 - C( 5 j h 0 + C( 7 ) r 0 ) = (1/2) C/o, 
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C(8)/o ~ (C( 2 ) - 2 C( 5 ))h n + C( 9 ) u 0 + C(io) r 0 - 2 C^ko + 2 C ( i 8 ) s 0 = (1/6) C/ 0 
C(ii)/o + (C( 3 ) - 2 C( 6) )u 0 - C ( i 2 ) ho + C ( i 3 ) r 0 + 2C (17 ) k 0 + 2C(i 9) t 0 = (1/6) C /0 
C(i4)/o + (C(4) - 2 C(7))r 0 - C(i 5 ) h 0 + Qi6) u 0 - 2 C ( i 8 ) So -2 C(i 9 ) t 0 = (1/6) C/o 

while all other terms in equation (3.3) shall vanish. Adding these equations and using equation (2.6) we get on 
simplification h 0 (C ( 5 ) - C(i 5 j) = 0. In case either h 0 = 0 or C { 5 ) = Q 15 ), we shall get 

Qiyo + C( 8 i/o + C(H)/o + C(i 4 yo = C/o (4.4) 

Hence we have 

Theorem 4.2. If a five -dimensional Finsler space is P-reducible, it satisfies equation (4.4). 

If the given five-dimensional P-reducible Finsler space is also P*-Finsler space, by virtue of h 0 = r 0 = u 0 =0, we 
shall get 

C(l)/0 = C(8)/o+ C(ll)/o + C(l 4)/0 = ( 1 / 2 ) C/o ( 4 . 5 ) 

Hence we have 

Theorem 4.3. If a given five -dimensional Finsler space is both P-reducible as well as P*-Finsler space, it 
satisfies equation (4.5). 

V-Curvature Tensor in F 5 

Corresponding to proposition (29.2) of Matsumoto [ 6 ] for F 3 and proposition in section 5 of Pandey and Dwivedi 
[10] for F 4 , we give here following: 

Proposition 5.1. Let Ty be a skew-symmetric tensor of a five-dimensional Finsler space F 5 , then for tensor 

i) *T ,jk = s ijUm T lm /2, we shall have Ty = s ljldm *T ldm , 

ii) For T i0 = Ty l 1 = 0, there will exist scalars a, p, y, 5, 0, 9 , such that 
Ty = a(m ; n, - mj n,) + p(n ; p y - n y p.) + y(p, q, - p, q,) 

+ 8 (q, mj - q y m) + 0(m; p r pj m,) + 9 (n ; q, - q, n,) (5.1) 

Proof. It is known that !:,y< y se are scalar components of !:. l|k | m , therefore i) is obvious. The condition T i0 = 0, is 
equivalent to T al = 0. The surviving scalar component of T a p are T 2 3 = - T 32 , T 2 4 = - T 42 , T 34 = - T 43 , T 45 = - T 54 ,T 52 = - T 2 5 , 

T 53 = - T 35 . Thus putting a = 2 T 2 3 , P =2 T 34 , y = 2 T 45 , 8 = 2 T 52 and 0 = 2 T 24 , cp = 2 T 35 , the proof of ii) will be completed. 

To obtain V-curvature tensor of F 5 , we observe that Shyk is skew-symmetric in h, i as well as in j, k and Soyk = Shiok 
= 0, therefore by proposition (5.1), we get 

L 2 S hijk = [a(m h nj - n h m,) + P(n h p ; - p h n,) + y(p h qj - q h p,) 

+ 5(q h m; - m h q,) + 0 (m h p, - m, p h ) + tp(n h q; - q h n,)]. 

[a' (m, n k - n, mj + P’ (n, p k - p, n,J + y' (p y q k - q, p L ) 

+ 8 ' (q, m k - mj q^ + 0’fm, p k - p, m k ) + 9 (nj q k - q, n k )], (5.2) 
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where a, p, y, 5, 0, (p and a\P, y, 8. 0, (p are (O)-p-homogeneous scalars. 
Since 


c — P 1 C _ C r C 

°hijk hk '“"ijr ^ hj ^—ikr 


(5.3) 


therefore the scalar components of S„p., 0 of L~ Shijk are also written as 

L Shijk — SapygCaih Spy Cy)j epjk, 

where the tensorS„p YO in terms of C (1 p Y can also be expressed as 

SapyS — 0a50 0©p Y “ CayG 00[So 

Due to skew-symmetry the surviving independent components of S„p Yfl 

Of five -dimensional Finsler space F 5 , shall be given by following 21 components: 


S2323 = 

0230 

0032 

“ C220 

C©33j S 2 424 = ^" 24 0 

C©42 ' 

_ C220 C©44> 

S2525 = 

0250 

C©52 

~ C220 

0055> S3434 = 034© 

C©43 

— C330 0044’ 

S3535 = 

C350 

C©53 

- C330 

C©55> S4545 = 045© 

C©54 

C440 C055, 

S2334 = 

C240 

C©33 

- C230 

C©34i S2345 = C250 

C©34 

- 0240 C035j 

S2324= 1 

C240 1 

C©32 ■ 

- C220 1 

C©34, S2325 = C250 1 

C©32 ■ 

‘ C220 0035’ 

S2335 = 

C250 

C©33 

“ C230 

0035’ S3424 = 0340 

C©42 

_ C320 0044’ 

S3425 = 

C350 

0042 

_ C320 

C045i S3435 = 035© 

C©43 

C330 0045’ 

S3445 = 

C350 

0044 

_ C340 

0045’ S4524 = 0440 

C©52 

C420C054i 

S4525 = 

C450 

C©52 

_ C420 

C©55> S4535 = 045© 

C©53 

- 043Q 0055, 

S5224 = 

C540 

C©22 

- C520 

C©24, S5235 = 0550 

C©23 

- C530 0025’ 

S2435 = 

C250 

C©43 

~ C230 

0045- 




(5.4) 


(5.5) 


(5.6) 

Rearranging terms of equation (5.2), we get on simplification that the tensor Shijk of a five-dimensional Finsler 


space F 5 can be expressed as Matsumoto [6]: 

L 2 S^k = (hhj M ik + h ik M h j - h hk My - hy M hk ) 
where My is an indicatory tensor. 

CONCLUSIONS 


(5.7), 


We have discussed the properties of Torsion Tensor C ijk and P ijk &amp; also the third curvature 
Tensor in five dimensional Finsler space .Further obtained very useful results, theorem 3.1, theorem 4.1, 4.2, 
4.3 & proposition 5.1 .Other curvature tensors &amp; their properties may be further obtained. 
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